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Density and Mass

Definition (Mass)

Let p be the continuous density function of a thin plate or lamina
defined over a region D in the xy-plane. The mass of the lamina is
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Density and Mass

Definition (Electric Charge)

If an electric charge is distributed over a region D and the charge
density at a point (x, y) is given by o(x, y), then the total electric

charge Q is

Q://Da(x,y)dA




Density and Mass

The charge density on the region below is o(x, y) = xy, measured
in coulombs per square meter (C/m?). Find the total charge.
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Density and Mass




Moments and Centers of Mass

Definition (Moment about the x-axis)

Let p be the continuous density function of a thin plate or lamina
defined over a region D in the xy-plane. The moment of the
lamina about the x-axis is

sz//Dyp(X,y) dA




Moments and Centers of Mass

Definition (Moment about the y-axis)

Let p be the continuous density function of a thin plate or lamina
defined over a region D in the xy-plane. The moment of the
lamina about the y-axis is

My = / /D xp(x,y) dA

.




Moments and Centers of Mass

Definition (Center of Mass)

Let p be the continuous density function of a thin plate or lamina
defined over a region D in the xy-plane. The coordinates (x, ) for
the center of mass of the lamina are

M 1 _ M 1
m m D m m D

where m = [, p(x,y) dA.
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Moments and Centers of Mass

Find the center of mass of the triangular lamina with vertices
(0,0), (1,0), and (0,2), and density function p(x,y) =1+ 3x+y.




Moments and Centers of Mass

Solution (Part 1)

First, model the region

D={(xy)|0<x<10<y<-2x+2}
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Moments and Centers of Mass

Solution (Part 2)

First, compute the mass.

1 p—2x42 1
m:/ / (1—|—3x+y)dydx:/ (—4x2+4)dx:
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Moments and Centers of Mass

Solution (Part 3)

Compute the x-coordinate for the center of mass

3 1 p-2x+2
2:5/ / (x + 3x% + xy) dy dx
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Moments and Centers of Mass

Solution (Part 4)

Compute the y-coordinate for the center of mass

3 1 —2x+2
}72—/ / (v + 3xy + y?) dy dx
8 0 0
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Moment of Inertia

Definition (Moment of Inertia about the x-axis)

Let p be the continuous density function of a thin plate or lamina
defined over a region D in the xy-plane. The moment of inertia
of the lamina about the x-axis is

k= / / y2p(x,y) dA
D y,




Moment of Inertia

Definition (Moment of Inertia about the y-axis)

Let p be the continuous density function of a thin plate or lamina
defined over a region D in the xy-plane. The moment of inertia
of the lamina about the y-axis is

by = / / x%p(x,y) dA
D y,




Moment of Inertia

Definition (Moment of Inertia about the Origin)

Let p be the continuous density function of a thin plate or lamina
defined over a region D in the xy-plane. The moment of inertia
of the lamina about the origin or the polar moment of inertia

IS

lo=1x+1, :// (X2+y2)P(X;Y)dA
D
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Moment of Inertia

Find the moments of inertia I, /,, and Iy of a homogeneous disc D
with density p(x, y) = p, center the origin, and radius a.




Moment of Inertia

In polar, D={(r,0) |0<r<a,0<6<2r}

2 a
I = p/ cos®(0) d9/ r3dr =
0 0

27 a
= p/ sin?(6) dH/ r3dr =
0 0
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.




Moment of Inertia

Definition (Radius of Gyration of a Lamina about an Axis)

The radius of gyration of a lamina about an axis is the number
R such that mR? = I, where m is the mass of the lamina and / is
the moment of inertia about the given axis. The radius of gyration
of a lamina about the x-axis and y-axis are denoted by y and x,
respectively.




Moment of Inertia

For the disc in the previous exercise, the radius of gyration, y,
about the x-axis satisfies
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so it follows that y = a/2.
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