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Derivatives

Definition (Derivative)

The derivative of a vector-valued function is

dr .~ . r(t+h)—r(t)
g~ ()= Jim h

provided the limit exists.
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Derivatives

Definition (Tangent Vector)

If r(t) is a differentiable vector-valued function, then ¢/(t) is called
the tangent vector to the curve defined by r at the point P,
provided r'(t) # 0.




Derivatives

Ifr(t) = (f(t),g(t), h(t)), where f, g, and h are differentiable
functions, then

v'(t) = (F(t),g'(t), (1))




Derivatives

Definition (Unit Tangent Vector)

A unit vector that has the same direction as the tangent vector is
called the unit tangent vector, T, and is defined by

()

T(t) =S m




Derivatives

1. Find the derivative of r(t) = (1 + t3)i + te~tj + sin(2t)k.
2. Find the unit tangent vector at the point where t = 0.




Derivatives

Solution (Part 1)

The derivative is

r(t) = (3t%, (1 — t)e ', 2cos(2t))




Derivatives

Solution (Part 2)

The tangent vector at t = 0 is ¥'(0) = (0, 1, 2), which has
magnitude v/02 + 12 + 22 = /5. Therefore the unit tangent vector

T(t) = <0,ﬁ %>
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Derivatives

Let r(t) = v/ti + (2 — t)j. Find r'(t). Sketch r(1) and ¥'(1).
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Derivatives

Solution (Part 1)

Compute

.




Derivatives

Solution (Part 2)
Now sketch the vectors:

Y

><V



Derivatives

Find parametric equations for the line tangent to the helix

x = 2cos(t) y =sin(t) z=t

at (0,1,7/2).




Derivatives

Solution (Part 1)

The tangent line is

"(3)er(013)

<—25in <W> t, cos (W> t+1,t+ 7T>
2) " 2 ’ 2

™
261t —>
(26145




Differentiation Rules

Suppose u and v are differentiable, c is a scalar, and f is a

real-valued function.
1. %(u%—v)(t) =u'(t)+V/(t)
2. Zcu(t) = cu'(t)

3. 2 (fu)(t) =
Fi(t)u(e) + F(E)u'(t)

4. Gu-v)(t) =

u'(t) - v(t) +u(t)-v'(t)

5. Z(uxv)(t) =

u'(t) x v(t) +u(t) x v/'(t)
6. Z(uof)(t) = () (f(t))
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Differentiation Rules

Assume [r(t)| = c is constant. Show for all ¢, ¥'(t) is orthogonal to

r(t).




Differentiation Rules

Write ¢ = |r(t)|? = r(t) - r(t) and apply part (4) of the theorem
above to see

implies r'(t) - r(t) = 0.

.
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Integrals

Definition (Definite Integral)

The definite integral of a continuous vector-valued function
r(t) = (f(t), g(t), h(t)) on [a, b] is

/ab’(t) dt = </ab f(t) dt,/abg(t) dt,/ab h(t) dt>




Integrals

Theorem (Fundamental Theorem of Calculus)

If R is an anti-derivative for v on [a, b] (i.e. foralla <t <b,
R'(t) = r(t)), then

/br(t) dt = R(b) — R(a)
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Integrals

Find an anti-derivative or r(t) = (2cos(t),sin(t),2t), and use your
answer to evaluate

us

/02 r(t) dt




Integrals

The anti-derivatives for r are
R(t) = (2sin(t), — cos(t), t?) + C

where C is any (constant) vector. To evaluate the definite integral,
take C = 0 and compute

() -m0- (0 5)-0-10- (%)
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